Abstract. Representation-theoretic criteria are given for the local solvability of left invariant differential operators homogeneous under dilations.
In this note we prove that a sufficient condition for the local solvability of a homogeneous left invariant differential operator on the Heisenberg group is that the image of the operator under any infinite dimensional irreducible unitary representation be invertible. This result was conjectured by Rockland [7] , and the proof given here is based mainly on his approach.
Let H" be the Heisenberg group of dimension 2« + 1; i.e. H" is the simply connected nilpotent Lie group whose Lie algebra ff is spanned by A" X2,..., Xn, Yx, Y2,..., Yn, T, satisfying [Xp Yk] = 8jk, with all other commutators zero. A differential operator D on H" is left invariant if D(gf) =g(Df), for any g G H" and any function/; here gf is the function x -> /( gx). By the exponential map any Z E\f may be identitifed with a left invariant differential operator:
Conversely, any left invariant differential operator on H" may be written as a polynomial in the elements of b" with constant coefficients.
The algebra \f carries a family of automorphisms Sr, defined for r > 0 by 8,(Xj) = rXj, «,( Yj) = rYj, j=l,2,...,n, and $r(T) -r2T.
8r may be extended to polynomials on D" by defining [6] or [8] for local solvability of bi-invariant differential operators.
The result may now be stated precisely.
Theorem. Let P be a homogeneous left invariant differential operator on the Heisenberg group H". Then P is locally solvable if ir(P) has a bounded left inverse for every infinite dimensional irreducible unitary representation it of H". Proof. Since T = 3/3f in suitable coordinates, one may obtain vx E C00 satisfying T\-f by integrating / N times in t. Now if U c 77" has compact closure, choose v E Cq00 such that v =vxon U. Then if u E C°° satisfies (2),
We now prove the theorem by constructing a solution of (2), using the Plancherel Theorem for H" (e.g. [5] ). If oe G C0°°, and trx is an infinite dimensional irreducible unitary representation of 27", then the operator wa(<P) = J <H*K(*) dx 
by(l).
The hypothesis of the theorem is then that ttx(P) and tt_,(P) have bounded inverses, to be denoted Bx and /?_,. Following [7] , we first reduce to the case where Bx and B_x are of trace class. This is accomplished by replacing P by PQ, where Q-{2xf+y?f for large A7'. Indeed, it is shown in [7, Lemma 3 .3] that ttx(Q)~x is of trace class. Since the product of a bounded operator and an operator of trace class is again of trace class, the inverse of ttx(PQ) = v x(P)m X(Q) is of trace class. PQ again satisfies the hypotheses of the theorem and the local solvability of PQ implies that of P. Replacing P by PQ if necessary, we may assume that Bx and B_, are of trace class.
To solve (2), let u be the linear mapping C0°°(H") -> C defined by tp^u(tp) =f (/A)V(7rA(t5)%(<p)(Trx(P))-1)|A|',(iX; (7) for some large N, where t3(x) = ü(x_1). We shall first show that u is an L2 function by proving l«(v)l < cMo-
By (6), the absolute value of the right-hand side of (7) Combining these estimates and similar ones for the other integral in (9) gives (8) . This argument is very similar to that given in [7] . To show that the L2 function u is actually smooth it suffices, by Sobolev's Lemma, to show that all distributional derivatives of u are in L2. We shall Similarly,
The estimates for X < 0 are the same. This completes the proof that u is a C °°f unction. Finally, it is a simple formal calculation to show that u satisfies (2) This completes the proof of the theorem. Remarks. 1. Rockland [7] proves that if ir(P) and tr(P*) have trivial L2 kernels for all irreducible unitary representations, then P is hypoelliptic and locally solvable. Using pseudodifferential operators, Miller [4] was able to prove this theorem assuming the hypothesis only for tt(P) has no rapidly decreasing eigenfunction of eigenvalue zero, for all it. The possible relationship between hypoellipticity and invertibility of representations on H" was first observed by Folland and Stein [1] . (See also [9] .) 2. The author has proved local solvability for some classes of homogeneous left invariant differential operators on more general nilpotent Lie groups. The proofs involve more detailed harmonic analysis [10] .
Added in proof. These results have been proved independently by G. Lion.
